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Abstract. We obtain the precise condition on the potentials of Yang-Mills 
theories in + 1 dimensions and DO brane quantum mechanics ensuring the 
discretness of the spectrum. It is given in terms of a moment of inertia of the 
membrane. From it we obtain a bound for the mass gap of any D + 1 Yang- 
Mills theory in the slow-mode regime. In particular we analyze the physical 
case D = 3. The quantum mechanical behavior of the theories, concerning its 
spectrum, is determined by harmonic oscillators with frequencies given by the 
inertial tensor of the membrane. We find a class of quantum mechanic potential 
polynomials of any degree, with classical instabilities that at quantum level 
have purely discrete spectrum. 



1. Introduction 

The characterization of the discretness of bosonic potentials in quantum mechan- 
ics represents a very challenging problem by itself and in relation to matrix model 
regularizations of field theories and to dimensional reduction of Yang-Mills to -I- 1 
dimensions. It would provide information about the spectrum of quantum non- 
abelian gauge theories, as well as theories containing gravity (bosonic membrane of 
M-theory). 

The potential of the 2-brane theories is quartic on the fields and exactly the 
same, after a SU{N) regularization, to the dimensional reduction of Yang-Mills 
theories to 1 dimension (time). The potential in terms of the membrane fields 
has valleys extending to infinity along the directions of zero potential. There are 
configurations, which have been called string-like spikes [H [2] in the context of 
D = 11 supermembrane theory, for which the energy is zero. They can be attached 
to the membrane and even connect two membranes without any change in the 
energy of the system. Those configurations correspond from the Yang-Mills point 
of view to gauge fields valued on abehan subalgebras of SU{N), in particular on 
the Cartan subalgebra. A toy model for these class of potentials was first studied 
in [3] and then extended to a toy model of the D — 11 supersymmetric membrane 
in [l]. The potentials are classically unstable, quantum mechanically stable and 
its supersymmetric extension quantum unstable. Although the bosonic potential 
presents fiat directions extending to infinity the walls of the valleys become narrower 
as we move to infinity in a way that the wave function cannot escape to infinity. A 
proof of discretness of the spectrum of the SU {N) regularized hamiltonian of the 
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bosonic membrane was presented in [4], where a bound 
(1) (^f, i/*) > A*) 

in terms of a function X{x), with X{x) — > oo as ||a;|| oo was obtained. It is 
a sufficient condition for the discretness of the spectrum. However in order to 
understand the exact property of the membrane, and, as a consequence of Yang- 
Mills, ensuring the discretness of the spectrum one should look for a necessary and 
sufficient condition. That condition was discovered by A.M. Molchanov, [5| and 
recently extended by Maz'ya and Shubin 0, and makes use of the mean value, in 
the sense of Molchanov, of the potential on an n-dimensional cube. If the mean 
value goes to infinity at large distances in configuration space the spectrum is 
discrete, otherwise is continuous. We consider the Molchanov condition for the 
membrane potential. By performing the explicit calculation we obtain that at large 
distances in the direction of the valleys, the mean value of the potential behaves as 
an harmonic oscillator with frequencies determined by a moment of inertia of the 
membrane. There is a inertial tensor associated to the potential of the membrane, 
or equivalently of the DO mechanics, which is strictly positive. One may interpret 
the mean value of the potential as a rotational energy of DO branes. 

This is the precise property ensuring the discretness of the membrane and of 
Yang-Mills in -I- 1 dimensions. This approximation for Yang-Mills describe the 
spectrum of the theory when only the modes with zero momenta but non-zero 
energy are kept. This regime has been thought to contain relevant information of 
the IR phase of the theory in which the gluons are expected to be confined forming 
bound states called glueballs. 

We then obtain bounds for the Yang-Mills hamiltonian in terms of the moment 
of inertia of the membrane. The hamiltonian bound implies that the resolvent of 
the Schrodinger operator is compact. It also provide a bound for the mass gap. The 
same results are proven for the Yang-Mills theories in the slow mode regime and 
give an strong indication that the complete Yang-Mills theories in D-dimensions 
have a mass gap. 

The interesting properties of the membrane and Yang-Mills potentials are also 
present in more general potentials, of higher degree than four. We discuss a class of 
these potentials in section 3, in particular they are related to the D — 11 5-brane 
potential. We prove discretness of these class of potentials. 

The paper is organized as follows: In section 2 some preliminary results are 
presented. In section 3 we obtain a class of potentials for which the spectrum of 
the Schrodinger operator is discrete, extending previous results. In section 4 we 
introduce the moment of inertia of the membrane In section 5 we obtain a lower 
bound to the hamiltonian in terms of it. In section 6. the discretness of the Yang- 
Mills hamiltonian in the slow mode regime is proved. In section 7 we present the 
conclusions. 

2. Preliminary Results 

In 1953 A. M. Molchanov (see |i5j) proved that in dimension n — 1, the discretness 
of the spectrum of the Schrodinger operator ~A + V in L^(K") with a locally 
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integrable and semi-bounded below potential V is equivalent to 

For every fixed d > / V{x) dx oo as Qd — * oo 

where Qd is an open cube with the edges parallel to coordinate axes and of edge 
length d and Qd ^ oo means that the distance from Qd to goes to infinity. In the 
same paper Molchanov showed that this condition is not sufficient for dimension 
n > 2, his counter-example is based on theorem 2.1 of his paper: 

The spectrum of the Schrddinger operator —A -I- V is not discret 
if and only if there exist a constant C > and a sequence of 
disjoint cubes {Qfej^i with the same edge length such that for 
all k =1,2,... 

X{Qk) = inf / (iVVXa;)!^ + V{x)\-^{x)f) dx < C 

where the infimum is taken over all the functions ip such that 
V'lsQfc — ("''"^d I \il}{x)\^ dx = 1. 

After, Molchanov stated and proved a modified necesary an sufficient condition for 
the discretness of the spectrum of Schrodinger operators for n > 2, which involve 
the class of negligible compact subsets of the cube. We will only state the V. 
Maz'ya and M. Shubin's generalization (see [6]). Before we state this theorem, let 
us remember the following definition of capacity. For the details and the full-general 
version of the theorem see [6j . 

Definition 1. Let n > i, F C M" be compact, and Lipc(K") the set of all real- 
value functions with compact support satisfying a uniform Lipschitz condition in 
M". Then the Wiener's capacity of F is defined by 



cap(F) =capR„(F) = inf ( / |Vz 



w(a;)p dx ue Lipc(W^), u\f = 1 



In physical terms the capacity of the set F C M" is defined as the electrostatic 
energy over R" when the electrostatic potential is set to 1 on F. 

Definition 2. Let Gd C M" be an open, bounded and star-shaped set of diameter 
d, let 7 e (0,1). The negligibility class Af'y{Gd','^^^) consists of all compact sets 
F cGd satisfying cap(i^) < ■^ca.p{Gd)- 

Balls and cubes in M" are useful examples of such Gd- In what follows we denote 
the ball of diameter d and center x by Bd{x) and the n— dimensional Lebesgue 
measure by Vol(-). 

Theorem 1 (Maz'ya and Shubin). Let V G Ll^{R''), V>0. 

Necessity: If the spectrum of~A+V in L^(R") is discrete then for every function 
7 : (0, +oo) (0, 1) and every d > 



(2) inf / V(x) dx — > +oo as Gd oo. 

-FeA/'-y(ed;R")7c;<i\F 

Sufficiency: Let a function d j{d) e (0, 1) be defined for d > in a neighbor- 
hood of and satisfying 

lim sup c?^^ 7(d) = +00. 
dio 
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Assume that there exists do > such that ^ holds for every d e (0,c?o)- Then 
the spectrum of —A + V in L^(M") is discrete. 

Remark 2. It follows from the previous theorem that a necessary condition for the 
discreteness of spectrum of —A + V is 

(3) / V{x) dx oo as Gd ^ oo. 



Let's recall that in 1934, K. Friedrichs (see [6] for further references) proved 
that the spectrum of the Schrodinger operator —A + V in L^(R") with a locally 
integrable potential V is discrete provided V{x) ^ cxd as |a;| — > oo. 

Remark 3. The presence of negligibility sets F in the formulation of the Maz'ya 
and Shubin's theorem is related to the first term in the expression of \{Qk)- In fact 
this term describes also an electrostatic energy, when = 1 on F C Q the energy 
is minimized by the harmonic solution to the corresponding Dirichlet problem. The 
energy of the harmonic solution defines the capacity of the capacitor [F, Q] while 
the capacity of F is the capacity of the capacitor [F, oo] . 

The following lemma is very usefull tool in the next sections. 

Lemma 4. For each given Qd — Gdixo), 

Cd inf YoliGd \F)>0. 

FeA/'^(gd;R") 

Proof. Let V{x) = \x\. Then by Friedrichs theorem the spectrum of —A + is 
discrete, so by theorem [T] we have 



inf / V(x)dx-^oo as |a;o| 

FGA^-,(ed:R")7e^\F 

Now Jg^^p V{x) dx < {\xo\ + d) Vol(t/<j \ F) implies that 



inf / V(x)dx < (\xa\+d) inf YoliGdXF), 

from which follows that inf Yo\{Qd \ F) > 0, as we claimed. □ 

3. Some potentials for which the spectrum of its Schrodinger 

operator is discrete 

In this section we use the sufficiency conditions for the discreteness of spectrum 
provided by theorem [TJ 

Theorem 5. Let V > 0, V ^ Lj^^{M.") and Cd as in lemma^ Suppose that there 
is some do > such that for all d e (O^do), there exists an open neighborhood fid 
ofV~^{0) with the following properties: 

(i) In R" \ Qd, V{x) -^oo as \x\ oo. 

(ii) Vol(Bdnr2d) < ^ for every ball Bd{xo) with \xo\ >> do. 

Then the spectrum of the Schrodinger operator — A + V in L^(R") is discrete. 

Proof Let Gd = Bd(xo) with d G (0,do) fixed. Let F e 7V^(gd;R") and E = 
{Qd \F)\ (Gd n fid). Notice that £; C M" \ fid. By condition (i) for each M > 0, 
there exists R > such that 

UxeW'XGd and |a;| > R, then V{x) > M. 
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In this way, if |a;o| — d> R then |a;| > R for all x G Gd, and as ^ > we have 
/ V{x) dx> [ V{x) dx > MYo\{E) > M (Yo\{gd \F)-—) 
and by the lemma [4] 

inf / Vix) dx > if bo| > i? + d. 

This together with theorem [T] implies that the spectrum of —A + y is discrete. □ 
Now, let us apply the previous theorem. 

n 

Proposition 6. Let V{x) — JJ^ Ixfcj"*, where ak > for all k ^ 1,2, ... ,n. Then 

k=l 

the spectrum of the Schrddinger operator — A + V in L^(K") is discrete. 



Proof. Let do = ^7-, where w„ denotes the area of the unit ball, and let d g (0, do) 
fixed. Consider Uk = {x e M" | \xk\ < erf}, where < erf < 1 will be determined 
below. Let = U^^iC/fe. Then V-^{0) C fla. 

(a) In E" \ fid, V{x) 00 as |a;| 00: 

First, x £ \ild implies \xk\ > erf for all fc = 1, 2, . . . , n. 

Let l^jl = max \xk\, cum = max and am = min a^. Then, 

k—l,....n fc— l,...,n A;— l,...,n 

denoting |a| = ai + • • • + a„ we have 



V{x)^\{\x,r''>e\^\-'''{^u,^^Jxu\] 
k=i ^ ^ 

Thus, for |a;| > 1 we have 

V{x) > ^ 



\x\_ 



from which follows that V{x) — > 00 as co. 
(b) Vol(BrfnOrf) < ^ for every ball Brf(a::o) with |a;o| >> do: 

For |xo| large enough, if Brf(a;o) n Orf ^ then Brf(xo) n [/fc 7^ for only 
one /c e {1,2, ... ,n}, namely k = j. In consequence, 

Brf(a;o) n 17rf C {x e R" | \xj\ < Cd, \xk - xoj\ < d, k = l,...,j- l,j + l,...,n}, 

from which follows that Vol(Brf(a;o) n ild) < 2"erfd"^^ and this, in turn, 
implies what we wanted to prove if we choose 

(4) erf < 



2"d"-i 

Thus, by the previous theorem we conclude that the spectrum of — A -I- y is 
discrete. □ 

Remark 7. Given that Cd < then inequality ^ implies that erf < which 

tends to zero as d ^ and also erf < < = i^^i^ = 1. 
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4. Moment of Inertia and Discretness of the potential for membrane 

theories 

The matrix regularization of the bosonic membrane in the Ught cone gauge was 
done long time ago by [3 [Til 121 IB] . It consists in expanding the bosonic fields X™" 
in an orthonormal basis •^'^(cr), defined on the Riemann surface S, 

(5) X„,=Xi{T)ZA{^). 

The structure constants arising from the symplectic bracket on S, i?^^, are those 
of the infinite group of area preserving diffeomorphisms. 

The idea of matrix regularization is to integrate the dependence on the spatial 
coordinates and to regularize this model by an SU [N) one, in such a way that we 
end up with a theory of quantum mechanics of matrices, whose structure constants 
f'Xs converge in the large N limit to the original ones , recovering the original 
symmetries in the large N limit. This limit is in general not rigorously known, 
and a discussion on it will be presented in a separate paper p2]- In this paper we 
are only concerned with the theory at finite N. The potential associated to the 
membrane is described by 



(6) V = {Y^Y^fis)\ 

where Fm, m = 1, .., d, denote the transverse direction to the fight cone coordinates 
Y^Y^ . A,B,C denote SU{N) indices and the structure constants, 

(7) /^5=-2z7Vsin(^^7r)52+^, 



A — (ai, 02) ai, 02 = 1, .., iV — 1 modulo N and with \m\ + \n\ ^ 0. The structure 
constants in the large N fimit are proportional to the structure constants of the 
area preserving diffeomorphisms, the residual gauge symmetry of the membranes 
in the light cone gauge. The large N limit is defined by taking indices A, B on a 
fixed set A and taking N ^ go. We are interested in the evaluation of 

inf / V, 

where Qd is the star-shaped set and F the negligible set satisfying cap F < 7 cap Qd 
defined in section 1, as the distance of Qd, to a fixed point in M"goes to infinity. 
V satisfy the assumptions of theorem 1. The integration is performed with the 
Lebesgue measure dY . We introduce for a given F G A/'-,(t/(i; R"), the center of 
mass of the volume Gd\F hy 

(8) / Y^dY ^XiYo\{G/F). 

JQd F 

We decompose, 

CQ^I Y"^ = X"^ + 

with 

(10) / xidY= [ xidx = 

JQd\F J[Qd\F]o 
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where [Gd \ F]o denote the set with its center of mass at the origin of coordinates. 
We then have 



(11) 



V{Y) = ^ (X^ + xt)DJs{X^ + x^), 



where 



(12) D^j, ^ J2 + ^" + ^n)fEcf 



and 
(13) 



—E 

AD 



BAC 



aad 

N 



^ 1 4tZ^ 



Here Hm[|jf^^||_oo — assuming the other coordinates of the center of mass 

bounded. We will consider first the case when only one Xm tends to infinity, namely 
Xmo while all the others Xm^ni ^ mo remain bounded. We get 



(14) 



/ V{Y)dY^f V{X + x)dx^Y. I 

jQd\F JlGd\F]o rn V 



{Xi) \ / D^sdx ) X- + 0(X,„) 

[Qd F]a 



EX 



N 



N 



X„ 



+ 0{Xm), 

where 



(15) ^T.^^' f ^n^n 



sm 



AhC 
N 



TT sm 



B ADtt 
N 



"a+d "-^ 



is an intrinsic inertial tensor of the membrane associated to the distribution [Qd\F]Q. 
T^g is a self-adjoint positive matrix. The diagonal terms are 



(16) 

Its trace is 
(17) 



I™^ = AN- 



> I \ ~\ (J (J 

JlSd\F]o „ 



2 , aac , , 

sm I — — — TT I dx. 



trl 



A ''\-'3d\F]a n=ira 



This is the moment of inertia of the mass distribution Gd \ F with respect to the 
subspace generated by X^. The second term in equation (fT4l) is quartic on the 
center of mass coordinates. Its contribution to the integral of the potential is the 
value of the potential at the center of mass times the volume of the Gd \ F, 



(18) 



{X^X^f^aryol{Gd\F). 
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This term becomes zero when we take the center of mass at the bottom of the 
valleys, in the directions where V is zero. We then conclude that along these 
directions where the potential is zero we obtain, 



(19) 



\\x„ 



lim inf / Vdx]= lim ( inf xtl^Xs^^o 

lim IIX^JIM inf l^^u^o^l.^^ 



and we notice that 

/ \ 

inf ^21^1™" ^I^i^ > inf \f, 

where Af is the minimum eigenvalue of I™^ . It may be shown by explicit calcula- 
tions and using lemma [4] that the infimum of the right hand side of last inequality 
is greather than 0. One may also obtain that conclusion in an indirect way from 
theorem 1. In fact we know from an independent argument (see next section or 
[4]), that the spectrum of the Schrodinger operator we are considering is discrete 
with finite multiplicity. According to theorem 1, the left hand member of equation 
(fT9l) must then go to infinity when ||^mol! ~^ OO) hence it is neccesary that 

inf Af > 0. 

If the center of mass goes to infinity in more than one direction X,m m = 1, . . . , d, 
(19) remains valid. The inertial tensor has now an additional index I™]^ where 
m,n— 1, . . . , d. And it is a strictly positive self adjoint matrix, the diagonal terms 
have the same expression (16). The corresponding equality (19) holds when the 
center of mass oiQd\F is located on the directions where the potential is zero. In 
other directions where the potential does not vanish the left hand side of (fT9l) is 
greater or equal to the quadratic right hand side of lfT9|). 

We remark that this relation is the most precise one can obtain for the quantum 
Schrodinger operator, since the condition of the theorem in section 1 is a neces- 
sary and sufficient condition. The mean value, in the sense of Molchanov, of the 
membrane potential is bounded by the mean value of an harmonic oscillator at 
large distances in the configuration space and it is equal to it at the directions of 
zero potential. This bound implies, using Maz'ya and Shubin's theorem, that the 
corresponding Schrodinger operator is discrete with finite multiplicity. 



5. Bounds for the Hamiltonian 

We present in this section a bound for the hamiltonian of the regularized bosonic 
M2 brane in terms of the integrand of the moment of inertia we discussed in the 
previous section. It is an independent argument showing the discretness of the spec- 
trum and providing bounds to all the eigenvalues of the membrane. It represents a 
generaHzation of the proof given in [5] . 
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Hereafter we use the notation instead of for the configuration variables. 
We re-arrange the potential of the M2 brane in the form 

d 

(20) V{x)=J2^i-^^M^B 



where 
(21) 



^AB — 5Z fAE^n f BD^n 

is a positive liermitian matrix. Then, the hamiltonian can be written as, 



(22) 

hence 
(23) 



f 9 



> ^y2(trM'")V^ 



H>]^ ^- A + \^^(tr M™) . 



The computation for tr M™ gives 
(24) trM" = 

We finally get the operatorial bound 

(25) 



2N^ J2 



x^x^ 



i?>i(-A + 2iV^^(^(xf^^)V2 



H. 



The potential V = 2N^ Em(Em^n ^n^nY^"^ y Satisfies the criteria: V — > oo when 
||a;|| = iJZn^n^ny^'^ ~^ implying that the resolvent of H is compact, H has a 
discrete spectrum with finite multiplicity. The formula also provides a bound for 
the mass gap of H given by the first eigenvalue of the operator H. 



6. Spectrum of Yang-Mills Theories in the slow-mode regime 

In this section we will consider the explicit relation between dimensional reduced 
Yang-Mills theories to + 1 dimensions and the membrane moment of inertia con- 
dition ensuring the discretness of the spectrum . 

The hamiltonian of Yang-Mills in D -|- 1 space-time dimensions has the following 
hamiltonian 

(26) ^^'"^X y(n^)' + i^^"^" -^^n-< 

where 11°* represents the conjugate momenta to Af. The indices of color are a = 
1, . . . ,dimSU{N) = — 1, and i = 1,...,D labels the spatial components of 
gauge fields. The last piece of the Hamiltonian represents the Gauss law: 

(27) ViW' = 0. 



10 



M.P. GARCIA DEL MORAL, L. NAVARRO, A. J. PEREZ A. AND A. RESTUCCIA 



We assume we are in the slow mode regime and all of the fast modes has been 
integrated out in such a way that we deal with an effective hamiltonian containing 
gauge fields Ai{t) without spatial dependence. This approximation has been con- 
sidered to keep relevant information of the theory in the IR limit where the gluons 
are supposed to be confined forming glueballs bound states. The hamiltonian has 
then the expression, 



(28) 



h: 



red 



tr 



it). 



In order to make comparison with the hamiltonian of the preceding sections we 
redefine the fields in terms of dimensionless ones. Following [lOj we take, 



(29) 



A, 



9 



1/3 



Vr 



1/3 



A,. 



1 



72/3 V^; 



2/3 



P,. 



The hamiltonian can be re-written as. 



(30) 



Tired 9_ 

ym 

V 



2/3 



1/3 



tr 



-{r'"'A\A 



„2/3 



Vr 



1/3 



H. 



The mass operator of the regularized bosonic membrane also in terms of dimen- 
sionless variables can be written as. 



(31) 



M2 



1 



(n 



i\2 



1 



(/ 



ahc j^^jl 



[A,,xirK 



(t) = T^/^H. 



This means that the two theories are equivalent and the discretness of Yang-Mills 
in the slow mode regime is related to the existence of a tensor of moment of inertia 
of the membrane. We interpret it as an strong evidence that the configuration 
space for Yang-Mills theories in the large TV limit is compact. The discretness 
condition then is realized as a condition of "rotational energy" of DO branes in the 
configuration space of the bosonic membrane. 



6.1. Mass Gap and analytic eigenvalues distribution. An interesting prob- 
lem is to estimate the mass gap of the theory for a particular value of N. We have 
from the previous section 



(32) 




= H. 



Let us now consider, as an example, the case of SU{3) in D = 3 + 1 since it 
is the gauge group realized in the nature. The number of degrees of freedom once 
the gauge fixing condition has been taken into account isd = 2,y4 = l,...,8, and 

= 3. iJ is bounded from below by the following hamiltonian 



(33) iJi = -A + 2iV2(X^X^)i/2 /,J=1,...16 

The eigenfunctions of Hi are expressed in terms of Bessel functions. The eigenvalues 
of Hi are lower bounds, one by one, of the eigenvalues of H. That is, SU (3) Yang- 
Mills in the slow-mode regime in 3 -I- 1 dimensions has a discrete spectrum and its 
eigenvalues and mass gap are bounded by those of ^^-rjjHi. 
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7. Conclusions 

We showed that the most precise condition ensuring the discretness of the spec- 
trum of the membrane theories and Yang-Mills in the slow mode regime, is given 
in terms of an intrinsic moment of inertia of the membrane. It may be interpreted 
as if the membrane, or equivalently the DO branes describing it, have a rotational 
energy. It is a quantum mechanical effect. The condition is obtained from the 
Molchanov, Maz'ya and Shubin necessary and sufficient condition on the potential 
of a Schrodinger operator to have a discrete spectrum. The criteria is expressed 
not in terms of the behaviour of the potentials at each point, but by a mean value, 
on the configuration space. The mean value in the sense of Molchanov consid- 
ers the integral of the potential on a finite region of configuration space. It can 
be naturally associated to a discretization of configuration space in the quantum 
theory. We found that the mean value in the direction of the valleys where the 
potential is zero, at large distances in the configuration space, is the same as a har- 
monic oscillator with frequencies given by the tensor of inertia of the membrane. 
The interesting feature is that all previously known bounds for the membrane and 
Yang-Mills potential were linear on the configuration variables, while our bound is 
quadratic on the configuration variables. The bounds we obtained should also be 
relevant on the analysis of the spectrum of wrapped supermembrane with nontrivial 
central charges r[T3).[14).[T5].[TB]V 

We also obtained bounds, based on the moment of inertia for the hamiltonian of 
Yang-Mills theories in the slow mode regime which allows to obtain interpretation 
about the mass gap of the theory. In particular a bound for SU{3) in 3 -I- 1 dimen- 
sions is given by a hamiltonian whose spectrum and eigenvalues are known, and its 
eigenfunctions are expressed in terms of Bessel functions. 

In section 3 we obtained a class of potentials, of any degree in the configuration 
coordinates, presenting the same valley properties of the quartic potentials discussed 
in section 4, 5 and 6. In particular, one of them has similarities with the potential 
for the 5-brane in Z? = 11. We proved that the associated Schrodinger operator has 
discrete spectrum, with finite multiplicity. 
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